We call a subalgebra U of a Lie algebra L a CAP -subalgebra of L if for any chief factor H/K of L, we have H ∩ U = K ∩ U or H + U = K + U . In this paper we investigate some properties of such subalgebras and obtain some characterizations for a finite-dimensional Lie algebra L to be solvable under the assumption that some of its maximal subalgebras or 2-maximal subalgebras be CAP -subalgebras.
The covering and avoidance property
Throughout, L will denote a finite-dimensional Lie algebra over a field F . Let
be a chief series for L. The subalgebra U avoids the factor algebra A i /A i−1 if U ∩ A i = U ∩ A i−1 ; likewise, U covers A i /A i−1 if U + A i = U + A i−1 . We say that U has the covering and avoidance property of L if U either covers or avoids every chief factor of L. We also say that U is a CAP -subalgebra of L.
The corresponding concepts in group theory have been studied extensively and have proved useful in characterising finite solvable groups and some of their subgroups (see, for example, [10] , [13] and [6] ). In Lie algebras, some parallel results have been obtained by a number of authors, and this paper is intended to be a further contribution to that work.
There are a number of ways in which CAP -subalgebras arise. We say that 
Then U is a prefrattini subalgebra of L if
It was shown in [11] that, when L is solvable, this definition does not depend on the choice of chief series, and that the prefrattini subalgebras of L cover the Frattini chief factors and avoid the rest; that is, they are CAPsubalgebras of L.
Further examples were given by Stitzinger in [8] , where he proved the following result (see [8] for definitions of the terminology used). Theorem 1.1 ([8, Theorem 2] Let F be a saturated formation of solvable Lie algebras, and let U be an F-normaliser of L. Then U covers every F-central chief factor of L and avoids every F-eccentric chief factor of L. In group theory an important class of CAP -subgroups is given by the normally embedded (also called strongly pronormal) subgroups (see [4, page 251] ). In a sense, the natural analogue of this concept in Lie algebras is to call a subalgebra U of L strongly pronormal if every Cartan subalgebra of U is also a Cartan subalgebra of U L , the ideal closure of U in L. Such subalgebras satisfy a number of the same properties as those of their grouptheoretic counterparts. However, they are not necessarily CAP -subalgebras, even when L is metabelian, as the following example shows. ] = e 1 , other products being zero. Then A = Re 1 + Re 2 is a minimal abelian ideal of L and U = Re 1 + Re 3 is strongly pronormal in L (since the Cartan subalgebras of U are of the form R(αe 1 + e 3 ) (α ∈ R) and these are also Cartan subalgebras of U L = Re 1 +Re 2 +Re 3 ). However, U ∩A = Re 1 = U ∩ 0 and U + A = Re 1 + Re 2 + Re 3 = U + 0, so U is not a CAP -subalgebra of L.
The chief factor
An alternative approach which does yield examples of CAP -subalgebras will be given in the next section.
Elementary results
In this section we collect together some properties of CAP -subalgebras and give characterisations of simple and of supersolvable Lie algebras in terms of them. If U is a subalgebra of L, the core of U , denoted U L , is the largest ideal of L contained in U . (vi) Let C be a subalgebra containing B. If H/K is covered (respectively, avoided) by B, then so is
and
Clearly, any subalgebra containing a Cartan subalgebra of L and any ideal of L is ideally embedded in L. Then we have the following extension of Theorem 1.2.
Theorem 2.2 Let L be a metanilpotent Lie algebra and let U be ideally embedded in L. Then U is a CAP -subalgebra of L.
The result now follows from Lemma 2.1 (iii)
Clearly this is the intersection of the terms of the lower central series for L. Then the lower nilpotent series for L is the sequence of ideals
Then we have the following extension of Theorem 2.2.
Corollary 2.3 Let L be any solvable Lie algebra and let U be an ideally embedded subalgebra of
Another set of examples of CAP -subalgebras, which don't require L to be solvable, is given by the next result.
Theorem 2.4 Let L be any Lie algebra, let U be a supplement to an ideal B in L, and suppose that
and a simple induction argument shows that
is an ideal of L, and the result now follows from Lemma 2.1 (iii).
Lemma 2.5 Let U be a CAP -subalgebra of L and let B be an ideal of L.
But the reverse inclusion is clear and the result follows.
The next result gives the dimension of CAP -subalgebras in terms of the chief factors that they cover.
Proof. We use induction on n. The result is clear if n = 1. So suppose it holds for all Lie algebras with chief series of length < n, and let L have a chief series of length n. Then U + A 1 /A 1 is a CAP -subalgebra of L/A 1 , by Lemmas 2.5 and 2.1 (v). Moreover,
Finally in this section we consider supersolvable Lie algebras, that is, Lie algebras all of whose chief factors are one-dimensional. Proposition 2.7 Let H/K be a chief factor of L. Then every one-dimensional subalgebra of L covers or avoids H/K if and only if dim(H/K) = 1.
Proposition 2.9
If L is supersolvable then every subalgebra of L is a CAPsubalgebra.
Proof. Let U be a subalgebra of L and let H/K be a chief factor of L.
Some characterisations of solvable algebras
In this section we are seeking characterisations of solvable Lie algebras in terms of CAP -subalgebras. The results are analogues of those for groups as obtained in [13, Section 3] , but the proofs are different. A subalgebra U of a Lie algebra L is called a c-ideal of L if there is an ideal C of L such that L = U + C and U ∩ C ≤ U L ; c-ideals were introduced in [12] . First we need the following result.
Proposition 3.1 Let L be a Lie algebra over a field F which has characteristic zero, or is algebraically closed and of characteristic greater than 5, with minimal ideal A and maximal subalgebra M . If M is solvable and M ∩A = 0 then L is solvable.
Proof. Clearly L = M ⊕ A. But now M is a c-ideal of L and it follows from [12, Theorems 3.2 and 3.3] that L is solvable, a contradiction again.
Corollary 3.2 Let L be a Lie algebra over a field F which has characteristic zero, or is algebraically closed field and of characteristic greater than 5. Then L is solvable if and only if there is a maximal subalgebra M of L such that M is a solvable CAP -subalgebra of L.
Proof. If L is solvable it is easy to see that every maximal subalgebra of L is a CAP -subalgebra of L. So suppose now that L is the smallest nonsolvable Lie algebra which has a solvable maximal subalgebra M that is a Let M be any maximal subalgebra of L. Since M is a CAP -subalgebra of L we have that either M + A = M , whence A ⊆ M , or M ∩ A = 0. If the former holds for every maximal subalgebra M , then A ⊆ φ(L), whence A is abelian and L is solvable. Thus, the latter must hold for some maximal subalgebra K. But, for any such maximal subalgebra K, L = K ⊕ A and Let M be a maximal subalgebra of L and let K be a maximal subalgebra of M . Then we call K a 2-maximal subalgebra of L. Next we consider Lie algebras in which every 2-maximal subalgebra is a CAP -subalgebra of L. If x ∈ L we put C L (x) = {y ∈ L : [y, x] = 0}, the centraliser of x in L. We say that L has the one-and-a-half generation property if, given any x ∈ L, there exists y ∈ L such that the subalgebra generated by x and y, x, y , is L. First we need the following result concerning simple Lie algebras with a one-dimensional maximal subalgebra.
Theorem 3.4 Let L be a simple Lie algebra over a perfect field F of characteristic zero or p > 3. Then L has a one-dimensional maximal subalgebra if and only if L is three-dimensional simple and
Proof. Suppose that L has a one-dimensional maximal subalgebra F x. Clearly L has rank one and F x is a Cartan subalgebra of L. Let Γ denote the centroid of L. Since Γx is an abelian subalgebra of L, we have that Γx < C L (x) = F x. So Γ = F , and L is central-simple. Suppose that dim L > 3. It follows from [1] that L is a form of an Albert-Zassenhaus algebra. Moreover, L has the one-and-a-half generation property. For, given any y ∈ L, either y = αx for some α ∈ F , in which case y, z = L for any z ∈ F x, or else y ∈ F x, and then y, x = L. Thus, L is a form of a Zassenhaus algebra, by [2] . Let K be a splitting field for the minimal polynomial of ad x over F , and let G be the Galois group of K over
As K is a Galois extension of F , an element of L K lies in L if and only if it is fixed by σ ′ for every σ ∈ G. Now L K has a unique maximal subalgebra M containing Kx of codimension one in L K and σ ′ must fix M . It follows that (M ∩ L) K = M (see [3, p. 54] ) and so M ∩ L is a subalgebra of L of codimension one in L. We must have M ∩ L = F x, which is impossible. Hence L is three-dimensional simple and, as is well known, has a one-dimensional maximal subalgebra if and only if √ F ⊆ F . The converse is easy.
Theorem 3.5 Let L be a Lie algebra over any field F , in which every 2-maximal subalgebra of L is a CAP -subalgebra. Then either
(ii) L is simple and every maximal subalgebra of L is one-dimensional; in particular, if F is perfect and of characteristic zero or p > 3, L is three-dimensional simple and √ F ⊆ F .
Proof. Suppose first that L is simple. Then every 2-maximal is 0 and so every maximal subalgebra of L is one-dimensional, which is case (ii). So let A be a minimal ideal of L. Suppose first that A is a maximal subalgebra of L. Then every maximal subalgebra of A is a 2-maximal subalgebra of L and so is a CAP -subalgebra of L. It follows that every maximal subalgebra of A is 0 and hence that dim A = 1. Also, by the maximality of A, dim(L/A) = 1 and L is solvable. So now assume that A is not a maximal subalgebra of L and that L is a minimal counter-example. Suppose first that L/A is as in (ii). Let F x + A be a maximal subalgebra of L and let K be a 2-maximal subalgebra of L with
Thus L/A is solvable and L is monolithic, as in Theorem 3. 
Lemma 3.6 Let L be a solvable Lie algebra. Then there is a 2-maximal subalgebra K of L which is an ideal of L, and hence a CAP -subalgebra of L.
is a maximal subalgebra and K a 2-maximal subalgebra of L.
Finally we seek to characterise Lie algebras having a solvable 2-maximal subalgebra which is a CAP -subalgebra of L.
Theorem 3.7 Let L be a Lie algebra over a field F which has characteristic zero. Then L has a solvable 2-maximal subalgebra K of L that is a CAPsubalgebra of L if and only if either (i) L is solvable, or
(ii) L = R ⊕ S, where R is the (solvable) radical of L (possibly 0), S is three-dimensional simple and √ F ⊆ F .
Proof. Suppose that K is a solvable 2-maximal subalgebra of L that is a CAP -subalgebra of L, and that R is the radical of L. Then R + K is a solvable subalgebra of L. If R + K = L we have case (i). So suppose that R + K = L. Let L = R ⊕ S where S = S 1 ⊕ . . . ⊕ S n , S i is a simple ideal of S and put J i = R + S 1 ⊕ . . . ⊕ S i for i = 0, . . . , n (where J 0 = R). Suppose that K ⊆ J i . Since J i /J i−1 is a chief factor of L we have that
The former implies that J i /J i−1 ∼ = K/K ∩ J i−1 , which is impossible as J i /J i−1 is simple and K/K ∩ J i−1 is solvable. It follows that K ⊆ J i−1 , from which K ⊆ R, since K ⊆ J n . Let M be a maximal subalgebra of L containing K as a maximal subalgebra. Suppose that R ⊂ M , so that L = R + M . Then K ⊆ M ∩ R ⊆ M , so either M ∩R = M or M ∩R = K. The former implies that M ⊆ R, which is impossible; the latter is also impossible, since S ∼ = L/R ∼ = M/M ∩ R and M ∩ R is not maximal in M . Hence K ⊆ R ⊂ M . It follows that K = R, from which (ii) easily follows.
It is easy to see that algebras as in (i) and (ii) have a solvable 2-maximal subalgebra which is a CAP -subalgebra.
